KSME International Journal, Vol. 12, No. I, pp. 41~49, 1998

Analysis of a Crack Approaching a Circular Hole
in Cross-Ply Laminates Under Biaxial Loading

Seong Kyun Cheong* and Oh Nam Kwon**
(Received Decemder 11, 1996)

The problem of a crack approaching a circular hole in cross-ply laminates under uniaxial and
biaxial loading is investigated in this paper. The effects of material orthotropy, geometry [R/
d and a/d], and loading conditions on crack tip singularity are investigated. The stress intensity
factors are obtained by the modified mapping collocation method. The present results for an
isotropic infinite plate show good agreement with existing solutions. The results for cross-ply
laminates show that the stress intensity factors strongly depend on material orthotropy, geome-
try, and loading condition. The stress intensity factors for cross-ply laminates exist between
those for #=0° and those for #=90° in the whole range of crack length and decrease as the
percentage of 0° plies increases. In the range of small crack length the stress intensity factors for
biaxial tension are higher than those for uniaxial tension. In the range of large crack Jength the
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stress intensity factors for uniaxial tension are higher than those for biaxial tension.
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1. Introduction

In Designing structures with areas of stress
concentrations, cracks are very important factors
for fatigue and fracture resistance of structures.
Holes can be observed in many structures and are
practical examples for stress concentrations.
Therefore, it is desirable to investigate the prob-
lem of a crack approaching a circular hole in
composite structures.

The stress intensity factors for cracks around
areas of stress concentrations in isotropic plates
were cbtained by various techniques(Bowie,
1956; Hsu, 1975: Shivakumar and Forman, 1980;
Newman. 9171; Tweed and Rooke, 1973; Tweed
and Raooke, 1976). However, the solutions for

cracks around areas of stress concentrations in
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anisotropic materials are limited due to the com-
plexity of composite problems (Waddoups, Eisen-
1971: Wang and Yau,
1980). Recently we investigated the cracks around

mann and Kaminski,
areas of stress concentrations in laminated com-
posites by using a modified mapping-collocation
method (Cheong and Hong, 1988; Cheong and
Hong, 1989; Cheong and Kwon, 1993).

In this paper, the problem of a crack approach-
ing a circular hole in cross-ply laminated com-
posites is investigated. The present results for the
case of is otropic infinite plate are compared with
those of reference Sih(1973). Then, numerical
calculations are performed for a crack approach-
ing a circular hole in various types of cross-ply
[aminated composites. Uniaxial and biaxial load-
ing conditions are also considered in this paper.
Our Analysis is based on analytic function theory
of complex variables. The stress intensity factors
are determined from the coefficients of the stress
function. The coefficients of the stress function
are in turn determined from the boundary condi-
tions by using the modified mapping-collocation
method.
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2. Basic Equations of Anisotropic
Elasticity

The Basic equations of anisotropic materials
under plane stress condition will be considered
Therefore, the stress components g,, 7y, and r,
can be taken as zero.

When body forces are absent or are constant,
the differential equations of equilibrium are

Q& 0Tuy _
ox + oy =0

aTxy @1_
dx T Ay =0

The equation of compatibility is

Fex _
ov: T oxt oxdy

The stress-strain relations for an anisotropic

1)

2 2
+98 T @)

material in plane stress can be expressed as fol-

lows:
Ex i iz Qs || Ox
Ey |=| 2 A22 Qa6 || Oy (3)
Yxy Q16 Q26 AeedL Txy

where ¢,;8 are compliance components.

The differential equations of equilibrium are
satisfied by the introduction of a stress function
(x, y), and by assuming that

_*F  _ _&F __&°F
Ox— ayZv Uy_ (9%2’ Txy ™ axay (4)

From Egs. (2}, (3), and (4), the general form
of the stress function can be obtained as(Lekhnit-
skii, 1968)

Fx, v)=2Re[Fi(z) + Fz(z)] (5)

where

zr=x+ sy k=1, 2) (6)

and F, and F, are analytic functions of the com-
plex variables z and z, respectively. The com-
plex parameters s;, s, are roots of the charac-
teristic equation (Lekhnitskii, 1968)

ans®—2aies® -+ (2awst aes) s2—2as
+ @z2=0 (7)

Substituting Eq. (5) into Eq. (4), the stress
components are

ox=2Re[s’h (21) + P2 (22) ]
oy=2Re[ ¢ (21) + ¢2' (22) ] (8)
o= —2Re[s1¢) (21) + 82005 (22) ]

where

¢k (Zk) :Fk’(Zk) (k=1, 2) (9)

From Eq. (3) and the strain-displacement
relations, a simple integration gives the displace-

ment components u and v :

u=2Re[pid(z21) + oz (22) ]
v=2Relqi$1(21) + g2z (2) ]

where p,, ¢.(k=1, 2) are defined by

(10)

Dr=ausi*+ a12— Q1sSk
qdr= (d128k2+(122_d258h) /Sh (k=1,2) (11D

Boundary conditions of the traction type may
also be expressed as

vmg+muﬁﬁfka+nw¢:u+m)

d1(z1) ‘L(l‘F i$2) 2 (22) + (1+7s1) ¢1(z1)
+ (1+ is2) p2(22) +¢ (12)

where X, and Y, are the x and y components of

forces exerted upon the edge per unit area. The
bar notation is a conjugate symbol.

3. Theoretical Developments

We consider a crack approaching a circular
hole in cross-ply laminated composites as shown
in Fig. |. The complex crack geometry and strong
material orthotropy makes this problem nontrivial.
The modified mapping-cotlocation method will
be used, which was introduced in Bowie and Neal
(1970), Bowie and Freese(1972).

We introduce the transformation

2=w(0) :%<§+%> (13)

The above mapping function maps the unit circle
and its exterior in the ¢-plane onto the crack and
its exterior. The other boundaries correspond to a
closed contour in the ¢{-plane exterior to the unit
circle with co-ordinate points

§:i+{<i>2—l}m (14)

a a

We consider now the complex variables z,
2z, and the additional relations :
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Fig. 1 Crack approaching a circular hole in cross
-ply laminated composites under biaxial ten-

sion.

z:k:a)(é'k):%<§k+~§l:>(k:1, 2 (15)

Since z=z=
planes ¢,
Otherwise, ¢ and ¢, are distinct and are found
from

z» on the crack, the parameter
&, and & coincide on the unit circle.

;’k:i{(ﬁ)z—l}m(/e:l, 2) (1)

a a

For convenience, we now define the following
useful notation:

dr(ze) =l (8 ] =¢u (G0,
dn' (20) = s (&) /' (&) (h=1, 2) (A7)

where

() = —(1~?)(k 1, 2) (18)

From Egs. (8) and (17), the stresses in terms of

&1(&) and $ () are

_ LG | 2805
o=2Re| s LB s |
g 2 85
(;WZR[ & +T(§; } (19)
9P, @J_(Q) (&)
=—2Re[s o) T we) }

From Egs. (10) and (17), the displacements in

terms of ¢, (&) and ¢, (&) are
u=2Re[prd (&) + popa (&) ]
v=2Re[qi (&) + qup2(L) ]

From Egs. (12) and ([7), the resultant-forces in

(20)

Im

unit
circle

-

Fig. 2 ¢-transformed plane.

terms of ¢,{{) and ¢,(§,) are
) + (1 JFl.bz) 9152

H(s) Fifels) = (1+ds) 4 (5H) + 0+
(fz)‘i’(]“‘lh) é:1 (G )

+(1+is) (&) +¢ (12)
Let S}, and S7, denote the two parameter regions
corresponding to ¢ and &, respectively. Their
union, S7, and Sg, will be denoted by S7. Figure
2 shows the transformed parameter region S}.
We introduce the following relation:

#(5) =BE( L)+ Caule) 22)

(j) ( L) 23)

where

81)/(52“ Sz)
2 —s1)/ (52— $2) (24)

A traction-free condition on the crack can be

&
B
C=

ensured if ¢, (&) is analytic in the region S}
and its inversion with respect to the unit circle
(Bowie and Freese, 1972).
total resultant-forces per unit thickness exerted

[f we assume that the

on the hole boundary are zero, we can express ¢,

as follows :
$1(0) = BAL"+ T BalE— 1) "

+ 3 G-/ (25)
where 4,, B, and C, are complex constants
and

r=d/a+[d/a)?—1]" (26)

The problem simplifies to selecting the un-

knowns A, Ba., and C, in Eq. (25) so that
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the external boundary conditions may be satis-
fied. The unknown A, are directly obtained by
applying the boundary conditions at infinity,
given as

=k:T, oy=kT1, =0 (27)

Introducing the condition that the stress com-
ponents g., o, and r,, remain bounded at
infinity, and considering that the total resultant
~forces per unit thickness exerted on the hole
boundary are zero, the structures of the stress
functions for large z can be expressed as(Sih,

1973)

¢1(Zl) — Dz, ¢ (z) = (E+iF) 2 (28)
Substituting Eqgs. (27) and (28) into Eq. (8), we
obtain

(312+ §1Z)D+ (822+ 322) E

+i(s?— 5 F=kT

2DV2E=Fk,T

(si+ 30D+ (s:+ 5)E

+ils2— T2) F'=0 (29)

Solving the simultaneous Eq. (29), we obtain

D=kt (&’ + BV k) T/ 4

E= [61/12“‘,812*261/161’2) /?y—kx] T/A
F:[(a/l a’z)kx {01(0112 ,312)
- a’l( 622) }kv] T/Bz (30)
where
d=2[{e—a)*+ (3"~ 5 ] (31)

Considering Egs. (15) and (28), the stress
functions ¢,(&) and ¢,(&) for large & and &
can be expressed as

¢1(§1) - (d[)/2) §1
$2(&) — [a(E+iF) /218
Taking into account Eg. (22) and comparing
Eq. (25) with Eq. (32), we obtain

Aa=a(E—iF-DC)/2B
Ai=aD/? (33)
An=0for u=2 or y<—2

(32)

Because A, is related to translational motion and
does not affect the stress field, A4, can be set to
ZEro.

Thus, the stress function ¢, (¢) in Eq. (25) may
be rewritten as

6 (&) = (aD/2) ¢+ (a/2B) (E— z'FAD_C-)%

F R BE=1) 4 R CaE=1/7) " (34)

Considering stress symmetries and cross-ply lami-
nates, B, and (C, are real numbers to be deter-
mined. The problem simplifies to selecting the
unknowns B, and C, in Eq. (34) so that the
boundary conditions on the circular hole may be
satisfied. For purposes of numerical analysis, the
terms of Eq. (34) must be truncated at n=N.

Substituting Eq. (34) into Eq. (19), the stresses
are

_ 512 / 7A—1 822
"X‘”"e[ o e\ g )* (&)

fafe- )1 (an- )

N N
+7§151”B"+7§ls?ﬂcn:|, etc (35)

where

_ 312 r —n SZZ

Sin= w (&) L(él*V)"+l]+ o' (&)
e ]
(1—&r)"" (CZ*V)"“

-2

- a);(?l) [ (&— 1/7 "H}+ CU/S(ZZZ)V

Szn

aBrrtlG  wC
[ (r—2g)m! (Cz—l/r)"“} (36)
Substituting Eq. (34) into Eq. (20), the dis-
placements are
u=2Relp (A L+A /&) +p{A(B/&
+C§z)+A 1B§2+A C/é’g}
+2DIIIBH+ZDZﬂ njl, elc. (37)
where
Dln:pl(é‘l*V)vn+ﬁ2{B(1/§2— 7’)77[
+C(§2"7)~n}
=p(&G—1/r) "+ p{BA/G—1/r) 7"

+C(&L—1/r)""} (38)

Substituting Eq. (34) into Eq. (21), the resul-

tant-forces are

fi= ZRQ[(A1§1+A 1/§1 {141(B/§27L C§2)
+ AL BL+ ALC/G)+ 3 FiBa

N
+7§1F2ncn]q et(f. (39)
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where
Fo.=&—»)""+{B1/&—»)""
+C(&L—»)"")
Fo=(6—-1/r)"+{B1/&—1/r)"
+C(L—1/#7)7") (40)

Truncating the unknown terms B, and C, in
Eq. (34) so that the boundary conditions on the
circular hole are satisfied with sufficient accuracy,
the stress function for a crack approaching a
circular hole may be determined.

The stress intensity factors may be evaluated
directly from the stress functions ¢,(z;) or ¢,(z,).
In the limit as z; approaches the crack tip, say z
(=¢q), we can express the relation between the
stress intensity factors and the stress functions as
follows (Sih and Liebowitz, 1968) :

K JVKVH 2%[: 52““ L]lrrzl V21— (bl (1)
(41)

Considering the mapping function z=w({)
and employing Egs. (15) ~ (18), we obtain

Kit+ K” =237 T[” }zﬂl 1 42

Substituting Eq. (34) into Eq. (42), the stress
intensity factors can be expressed in terms of
coefficients of the stress function.

K+ £il=2 Vlﬁg[ﬁ:ﬁz ] .
S2 S2

!:Al 2 (1 ) n+l B'l
N n ~
,,21 SV (,n] (43)

Thus, we can evaluate the stress intensity factors
if the cozfficients of the stress functions are deter-
mined.

4. Numerical Results

The stress intensity factors for a crack approa-
ching a circular hole in cross-ply laminates were
calculated by using a computer code on the basis
of the foregoing analysis. The stress intensity
factors were presented as functions of the normal-
ized crack length /4 for various types of cross

-ply laminates. Considering stress symmetries, it

22 ——
20 — [/80], laminate
=== isolropic
18 RId=05
. ad=03
< 18
x
B o e S S S ——— —— . i —— ——
14 |-
K = Tra)2
1.2
10 | ! I i i I 1
0 10 20 30 40

Number of truncated terms, N

Fig. 3 Convergence curves for a crack approaching
a circular hole under uniaxial tension (%,=0,

ky::l) .
B e
20} —— pregent  RMd= 05
5 Isida
18
;. K? = T{ra)? Rid=0.35
X 48f -
N: /
141 '.'. Rid=0.25
1.2 /
,}___\.___.f\ »——-‘"‘(
1.0 L — —
0.0 .2 4 B 8
a/d

Fig. 4 Correction factors for a crack approaching a
circular hole in an isotropic infinite plate
under uniaxial tension (k,=0, k,=1).

is sufficient to apply the collocation argument
over a half of the circular hole boundary in this
study. Material properties of [-glass/epoxy used
in the current analysis are as follows :

E\=53.74GPa(7 .80 X 10°psi)
E»=17.91GPa(2.60 x10%psi)
Gr2==8.96GPa(1.30 x 16°psi)
v12==0.25

Figure 3 shows the convergence curves for a
crack approaching a circular hole in [0/90]s
laminate and isotropic plate under uniaxial ten-
sion. It was found sufficient to truncate at 5 =25.
In this study, stress intensity factors were normal-
ized with those for the case of a central crack of
length 24 in infinite plate.
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Fig. 5 correction factors for a crack approaching a
ciruclar hole in an isotropic infinite plate
under uniaxial tension{t,=1, k,=0).
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Fig. 6 Correction factors for a crack approaching a
circular hole in cross-ply laminate under

uniaxial tension (k,=0, £k,=1, R/d=
0.25).
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Fig. 7 Correction factors for a crack approaching a
circular hole in cross-ply laminate under
uniaxial tension(k,=0, k,=1, R/d=
0.35).
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Fig. 8 Correction factors for a crack approaching a
circular hole in cross-ply laminates under
uniaxial tension (k,=0, k,=1, R/d=

0.5)-

Figure 4 compares the present results for the
case of isotropic infinite plate under uniaxial
tension along the y-axis with those of (Sih, 1973).
Figure 5 compares the present results for the case
of isotropic infinite plate under uniaxial tension
along the y-axis with those of(Sih, 1973). The
isotropic solutions were obtained by setting the
complex parameters s =1.07; and s,=0.995:.
The present results almost coincide with those of
(Sih, 1973).

Figures 6, 7, and 8 show the correction factors
for a crack approaching a circular hole in cross
-ply laminates with R/4=0.25, 0.35, and 0.5,
respectively, under uniaxial tension. Each figure
shows that the stress intensity factors for cross
-ply laminates exist between those for §=(° and
those for #=90° in the whole range of crack
length, and decrease as the percentage of 0° plies
increases. From Figs 6, 7, and 8, we can see that
the difference of the stress intensity factors for
cross-ply laminates becomes larger as R/d
increases.

Figures 9~ 12 show the correction factors for a
crack approaching a circular hole in [0], [0,/90],
[0/90],, and [90] laminates with R/d=0.35
under uniaxial and biaxial tension, respectively.
Figures 13~ 16 show the correction factors for a
crack approaching a circular hole in [0], [0,/90],,
[0/90],, and [90] laminates with R/4=0.5
under uniaxial and biaxial tension, respectively.
In the range of small crack length the stress inten-
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Fig. 9 Correction factors for a crack approaching a
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circular hole in [(] laminate under uniaxial
and biaxial tensioin (R/d=0.35).
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10 Correction factors for a crack approaching a
circular hole in [0,/90]s laminate under
uniaxial and biaxial tension (R/d=0.35).
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2.0 - = — biaxial tension (k=k=1)
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14
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ald
1 Correction factors for a crack approaching a
circular hole in [0/90]s laminate under
uniaxial and biaxial tension(R/d=0.35).

sity factors for biaxial tension are higher than
those for uniaxial tension. In the range of large

K /1Ke

Fig.
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Fig.

K/ Ke

Fig.
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8
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12 Correction factors for a crack approaching a
circular hole in [90] laminate under uniaxial
and biaxial tension(R/d =0.35).

22

20 Rid=0.5

Ko= T(ma)™?

uniaxial tengion (k,=0, k=1)
— -~ biaxial tension (k=k =1)

13 Correction factors for a crack approaching a
circular hole in [(] laminate under uniaxial
and biaxial tension(R/d=0.5).
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" ——— uniaxial tension k=0, k=1)
—— biaxial tension (k,=k =1)

L 1 i
0.0 2 4 ] -]

ald

14 Correction factors for a crack approaching a
circular hole in [0,/90]s laminate under
uniaxial and biaxial tension(R/d =0.5).

crack length the stress intensity factors for uniax-
ial tension are higher than those for biaxial ten-
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Fig. 13 Correction factors for a crack approaching a

circular hole in [0/90}, laminate under
uniaxial and biaxial tension(R/d=10.5).
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Fig. 16 Correction factors for a crack approaching a
circular hole in [90] laminate under uniaxial
and biaxial tension(R/d =0.5).

sion. The more the percentage of 90° plies
increases, the more rapidly the stress intensity
fuctors for uniaxial and biaxial tension reverse.
As the value of R/ becomes larger, the differ-
ence in stress intensity factors between uniaxial
and biaxial tension becomes larger. As the value
of R/d becomes larger, the stress intensity factors
for uniaxial and biaxial tension reverse more
rapidly.

5. Conclusions

Analyzing the problem of a crack approaching
a circular hole in cross-ply laminates under
uniaxial and biaxial tension, our conclusions can
be summarized as follows:

(1) The stress intensity factors for cross-ply

laminates exist between those for §=(° and those
for §=90° in the whole range of crack length.

(3) As the number of 90° plies increases, the
stress intensity factors become larger.

(4) As R/d increases, the difference in stress
intensity factors for cross-ply laminates becomes
larger.

(5) In the range of small crack length the stress
intensity factors for biaxial tension are higher
than those for uniaxial tension. In the range of
large crack length the stress intensity factors for
uniaxial tension are higher than those for biaxial
tension.

(6) As the percentage of 90° plies increases,
the stress intensity factors for uniaxial and biaxial
tension reverse at smaller crack lengths.

(7) As the value of R/d becomes larger, the
difference in stress intensity factors between
uniaxial and biaxial tension becomes larger.

(8) As the value of R/4 becomes larger, the
stress intensity factors for uniaxial and biaxial
tension reverse at smaller crack lengths.
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